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The question of which lattices, or groups, arise as the subalgebra lattice, 
congruence lattice, or automorphism group of an algebra (with possibly infinitary 
operations), and the interdependence among these three entities, is the subject of 
this paper. For any algebra whose operations all have arity less than some infinite 
regular cardinal m, the singly generated subalgebras, or congruences, are easily seen 
to be m-compact elements of the subalgebra, or congruence, lattice, respectively. 
(An element a of a lattice L is m-compact iff a c VX for Xc_ L implies a s VS for 
some subset S c X with fewer than m elements.) Consequently the subalgebra lattice 
and congruence lattice of such an algebra are complete lattices in which every 
element is the join of m-compact ones; such lattices are called m-algebraic. It is the 
main purpose of this paper to give a complete and self-contained proof of a rather 
strong converse of this observation, namely the following theorem: 
For any m-algebraic lattices L and M, each with more than one element, and any 
group G, there is an algebra, whose operations all haue arity less than m, whose 
subalgebra lattice is isomorphic to L, whose congruence lattice is isomorphic to M, and 
whose automorphism group is isomorphic to G. 
This theorem was announced by Gritzer and Lampe at the Lattice Theory 
Conference in Houston, 1973 (see Lampe [ 15]), and will also appear as Appendix 7 
of Gratzer [lo]. It has a rather long background, consisting of many partial, or more 
special, results. 
The three earliest results on these matters are due to Birkhoff: first, that a lattice is 
(isomorphic to) the subalgebra lattice of some algebra iff it is complete [2], next, that 
the congruences of every algebra form a complete lattice [4] and, then, that every 
group is (isomorphic to) the automorphism group of some algebra [5]. The fact that a 
complete lattice is (isomorphic to) the subalgebra lattice of a finitary algebra iff it is 
algebraic (= &-algebraic) is essentially due to Birkhoff and Frink [6]; they gave a 
somewhat different lattice-theoretic characterization of the subalgebra lattices of 
188 E. Nehn 
linitary algebras, which in conjunction with the results in Biichi [7], is equivalent with 
the lattice being algebraic. The fact that the congruence lattice of every finitary 
algebra is algebraic is also due to Birkhoff and Frink [6]; the converse, that every 
algebraic lattice is the congruence lattice of some tinitary algebra, appeared first in 
1963 in a paper by GrCtzer and Schmidt [12]. However, the proof there contained 
some gaps; complete proofs, one due to GrHtzer [B], one to McKenzie [16] appeared 
two years later, (see also Gratzer [9] and Lampe [ 14]), and finally, in 1974, an elegant 
and short proof of this result, using graph theoretic techniques, was given by Pudlak 
D71. 
An extension, and amalgamation, of these results, due to Lampe [14], was the 
“independence” of the subalgebra lattice, congruence lattice, and automorphism 
group of a finitary algebra; in other words, the above theorem for the case of finitary 
algebras, and algebraic lattices L and h4. The independence of the subalgebra lattice 
and automorphism group of a finitary algebra was earlier proved by Schmidt [18], 
who also claimed the independence of the congruence lattice and automorphism 
group [ 191. 
The infinitary analogue of the Birkhoff-Frink result is due to Gritzer [ll]: that is, 
the fact that for any infinite regular cardinal m, the lattices which are isomorphic to 
subalgebra lattices of algebras all of whose operations have arity less than m are 
precisely the m-algebraic lattices. In the same paper, Gratzer proved that the 
congruence lattice of such an algebra is also m-algebraic, and claimed the converse; 
which, of course, follows immediately from the theorem stated above. 
It might be mentioned that Grltzer and Lampe announced a slightly stronger 
result than the one stated above, namely, that given the lattices L and M and the 
group G, the algebra A could be taken so that, in addition to the above-mentioned 
properties, for all congruences 0 and CD on A, 0 v CD = 0~400~@ (where 0 
indicates relational composition), so that the congruence lattice of A is a sublattice 
of the lattice of equivalence relations on A; the proof presented here also includes 
this feature (see Remark 3). Grltzer and Lampe also show that, if A4 is modular and 
G is a one-element group, then A can be taken so that 0 v @ = 0 0 CD 0 0 
for all congruences 0 and @ on A; however this point is not included in the present 
writeup. 
This paper begins with some preliminaries about partial infinitary algebras and 
m-algebraic closure systems. An outline of the proof of the theorem is given before 
the actual proof, and the concluding remarks deal with several peripheral questions. 
Many of the techniques and constructions used here, and indeed in all congruence 
lattice proofs with the exception of Pudlak’s work, are modifications of what appears 
in the original Gratzer-Schmidt paper [12]; the line of proof here is modelled after 
the presentation of the Gritzer-Schmidt result in Jonsson [13] (which incidentally, 
contains an error, in the proof of Lemma 4.6.4); the main change being the addition 
of several technical conditions due to Lampe (see [14]) in the definition of a 
representation. It is unfortunate that Pudllk’s techniques to do not seem to apply to 
the infinitary case, or to the “independence” question. 
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1. Preliminaries 
A partial algebra is a pair A = (X, (fh)he.,) where X is a set, and for each A E .jt,f* is 
a partial n,-ary operation on X, i.e. a map from a subset of X”* into X, nh a specified 
cardinal number, called the arity of fA. X is called the underlying set of A and 
r = (nh)kE., the rype of A; the characteristic of A is the smallest infinite regular 
cardinal larger than n,, for all A E .4. For ease of notation we will follow Banaschewski 
[l] and let fA = Aa; also we will not distinguish between an algebra and its underlying 
set when dealing with subsets and elements. The partial algebra A is an algebra iff the 
domain of AA, Dom AA, is A”* for each A E 11. For the rest of this section, all partial 
algebras will be assumed to be of the same type r = (nh)AE.I. 
In contrast to the situation for algebras, three notions of “subalgebra” arise 
naturally in the present context: A is a weak srlbalgebru of B iff A g B and for each 
A E 11, Aa = AsjDom Aa; if in addition A “* n A i* (A) E Dom AA for each A E 11, then 
A is a relatice subalgebra of B, and if moreover Dom Aa = Dom As n A”* for each 
A E /I, then A is a subalgebra of B. Note that these all reduce to the usual definition of 
subalgebra if both A and B are algebras. It is clear that any intersection of 
subalgebras is a subalgebra; for a subset SE A the subalgebra ofA generated by S is 
the intersection of all subalgebras of A which contain S. 
A congruence on A is an equivalence relation 8 E A x A which is a subalgebra of 
A x A, i.e., which has the property that (AA(~ ), As@)) E 0 whenever a, p E Dom AA 
and ((u(i), p(i)) E 0 for all i < n. The congruence on A generated by a subset T E A X A 
is the intersection of all congruences on A containing T. 
A homomorphism from A to B (partial algebras of the same type) is a set map 
g: A + B such that, for each operation A, gcz E Dom A* whenever (Y E Dom AA and 
g(AA(cr)) = As(gcu). An uutomorphism of A is a homomorphism g: A --f A which has 
an inverse (which is also a homomorphism); equivalently, an automorphism of A is a 
set map g:A +A which is one-one and onto, such that for each operation A, 
(Y E Dom Aa iff ga E Dom AA, and then g(AA((r)) = AA( 
For a partial algebra A, let Sub A, Con A and Aut A be, respectively, the 
subalgebra lattice, congruence lattice and automorphism group of A. 
A partially ordered set is m-up-directed iff every non-empty subset with fewer than 
m elements has an upper bound; a closure system is m-ulgebruic iff it closed under 
formation of m-up-directed unions, and a closure operator f on a set Y is 
m-algebraic iff TX = U fS(S E X, ISI < m) for all Xc Y. A closure system is m- 
algebraic iff its associated closure operator is m-algebraic. It is easy to see that, for a 
partial algebra A of characteristic at most m, Sub A and Con A are m-algebraic 
closure systems (on A and A, x A respectively). 
2. Proof of the Theorem 
Throughout this section, assume that L und Mare m-algebraic lattices, each with at 
least two elements, and that G is a group. 
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The line of proof is the following: a representation (of (L, M, G)) is defined to be a 
triple (A, d, IL) consisting of a partial algebra A of characteristic of most m, whose 
automorphism group is isomorphic to G, and one-one maps 4: L+SubA and 
4: M + Con A which preserve all meets and all m-up-directed joins, and satisfy 
several other, unfortunately technical, conditions. Lemma 1 establishes the existence 
of a representation; all that is needed then is one where A is an algebra, and q% and $ 
are onto maps. Cancerning the first point, Lemma 3 shows that for each represen- 
tation (A, 4, $) and each operation ,$ of A there is an “extension” (A, 4, &) of 
(A, C#J, 4) with A”6 s Dom 5~. Since 4 and 1+5 preserve all meets and all m-up-directed 
joins, their images are m-algebraic closure systems on A and A x A respectively, 
with associated closure operators f, and rti (e.g. for X G A, fa = n c$( p) (X E 
4(p))). Since f, is m-algebraic, d will map onto Sub A iff l-‘,S c [Sla, the subalgebra 
of A generated by S, for ail S c_ A with (S( < m. Lemma 4 shows that for each S c A 
with ).$I < m and each s E f,S there is an extension (A, 6, (I) of (A, q5, $) with s in the 
subalgebra of A generated by S. Analogously, Lemma 5 shows that if T E A x A with 
1 TI < m and (s, l) E T+T then there is an extension (A, &$) of (A, &CL) with (s, I) in 
the congruence on A generated by T. Using these three procedures, the “deficien- 
cies” of any given representation are fixed up, one at a time; Lemma 2, which proves 
that unions of chains of representations yield representations, makes this legitimate, 
the final point then being that iterating these procedures “enough” times produces a 
representation with the desired properties. 
We now turn to the “unfortunate” technicalities alluded to above. (In the 
following for a, b E A, f’&(a) = f+a and T+{(a, b)} = I’Ja, b)). 
A representation (of (L, M, G)) is a triple (A, 4, rL) consisting of a partial algebra A 
of type (nh)AE,ZA, with 1 c nA <m for all A and with Aut A - G, and one-one maps 
4: L + Sub A and $: M + Con A which preserve all meets and all m-up-directed 
joins, such that: 
(Rl) For all a E A, all g E Aut A, g(a) E T*a. 
(R2) For all a, b E: A, all g E Aut A, (g(a), g(b)) c TJa, b). 
(R3) Forall A E A, (Y, /3 E Dom A,+ (a(i), p(i)) E T&IA(a), AA@)) for all i < nA. 
(R4) For all A GA, a E A, there exists b E Im AA with (a, b) E I’&(a, c) for all 
cEImA,.+ 
(R5) For all A #CL EA there exists a E Im AA such that for all b E Im A,_,, all 
c E Im ,.&A, (g(a), c) E r,(b, c) for some g E Aut A. 
(R6) For all a, b E A, all g, h E Aut A, if h is not the identity map, then (a, g(a)) E 
Tdb, h(b)). 
(R7) For all a, b E A there exists g E Aut A with (a, g(b)) E T&(a, h(b)) for each 
h eAut A. 
(R8) There exists A E 11 with nA = 1 and X G A such that A is generated by X and 
AA(u)=u iff a EX. 
The only real rationalization for these conditions, which are essentially due to 
Lampe [14], is that they work; however, perhaps some comments are in order. The 
idea of the proof, as mentioned above, is to fix up deficiencies one at a time, but also, 
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in doing so, to keep at least some of the good features already attained. For the latter, 
it seems necessary to have very tight connections between the images of I$ and ti, the 
automorphisms of A, and the algebraic structure of A, and it is this that the above 
conditions effect. (Rl) and (R2) state that the subalgebras d(p) and congruences 
CL(p) are invariant under each automorphism of A. (R3), called congruence inverti- 
bility by Gritzer and Lampe, is the converse of the property distinguishing a 
congruence from an equivalence on A x A, and states that, with respect to the 
operations of A, the congruences I,!J( p) (for p E M) do not contain any surprises, i.e., 
anything that is not forced to be there by virtue of IL(p) being a congruence. (R4) 
states that each element of A has a “closest neighbour” (see Lampe [ 141) in Im AA, 
i.e. a member b of Im AA with the property that if (I is congruent to any member of 
Im AA via Jl(p) (any p EM) then a is congruent to 6. (R5) provides a “closest 
neighbour” (modulo Aut A) in Im Aa for Im &,, (R6) states that if CL(p) meets the 
orbit (under Aut A) of some element in a non-trivial way then it collapses each orbit 
to a point, and (R7) provides a closest neighbour for b in the orbit of a. (R8) which is, 
of course, a triviality to accomplish initially, controls the behaviour of automor- 
phisms. 
The representation (A, 6, &) is an extension of (A, q5, JI) iff A is a relative 
subalgebra of the reduct of A to the type (n*)re,,, of A, and 
(El) &(p)nA=4(p)forallpEL. 
(E2) &(p)nA*=$(p) forallpEM. 
(E3) If A E AA, u E A, b E Im AA such that (a, b) E T@(u, C) for all c E Im AA, then 
(a, 6) E TJ(u, c) for all c E Im A,-. 
034) If A # CL E AA. a E Im AA satisfies (R5), then for all b E Im AA, all c E Im C(A, 
(g(u), c) E f&b, c) for some g E Aut A. 
(E5) If A E AA and X E A satisfy (R8), then A is generated by X and AA(U) = a if 
UEX. 
(E6) Every automorphism of A has an extension to an automorphism of A. 
In this case we write (A, t$, $) s (A, 6, i). Note that this defines a partial order on 
the class of all representations. 
Remark. If (A, q5, +!I) is a representation and A is any partial algebra such that A is a 
relative subalgebra of the reduct of A to the type of A, and (E5) and (E6) hold, then 
Aut x is isomorphic to Aut A via the map which takes each automorphism of x to its 
restriction to A: for each g E Aut A, and A E 11 A, XsA as in (E5), and UEX, 
g(u) = g(A(u)) = A (g(u)) which implies that g(u) E X; since A is generated by X it 
follows that g(A)GA; the analogous fact for g-’ yields g(A) =A, and hence the 
restriction of g to A is an automorphism of A. Since A is generated by A, g is 
determined by its restriction to A, and (E6) ensures that this map Aut A + Aut A is 
onto, and hence an isomorphism. 
Note also that since C$ and IJ preserve all m-up-directed joins, and hence in 
particular the join of the empty set, it follows that 4(0)=8 and IL(O) =& = 
{(a, ~)]a CA]. 
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The construction used in the following lemma was introduced by Lampe [ 141, and 
is based on a construction in Schmidt [ 181. 
Lemma 1. There exists a representation. 
Proof. Let R be the set of non-zero compact elements of L, S the set of all 
compact elements of M, A = (0)~ G u (R x S) (and assume for convenience that 
these three sets are disjoint), and let e E R, 0 f fc S. 
Let A be the partial algebra on R x S x G with operations AA (A E _I) defined as 
follows: 
OA is the identity map A + A. 
For g E G, gA is a partial unary operation with domain {e}x{O}X G, and with 
gA(e, 0, h) = (e, 0, gh). 
For (r, s) E R x S, (r, S)A is a partial binary operation with domain 
{((e, 0, g), (r, s, g)) 1 g E Gl and Cc s)A(k, 0, g), Cc s, g)) = (e, 0, g). 
Then for each p EL, C&(P) = {(r, s, g) E A 1 r s p} is a subalgebra of A, and it is 
straightforward to check that c5 is a one-one map of L into Sub A which preserves all 
meets and all m-up-directed joins. 
For p E M, define $(p) as follows: 
{((r, St g), (r, 
cL(p) = iQ(r, r, g), ( 
r, g)) I s = t or s, t S p} if f9Z p, 
u,t,h))[s=tors,t<p} iffsp. 
Then it is straightforward to see that CL(p) is a congruence for eachp E M and that I/J is 
a one-one map of M into Con(A) preserving all meets and all m-up-directed joins. 
Clearly, for each g E G, the map $:A +A given by g^(r, s, h) = (r, s, hg) is an 
automorphism of A. Also, for any automorphism u of A, de, 0,l) E Dom lA (1 E G 
the unit element) and so c(e, 0,l) = (e, 0, h) for some h E G. But then c(e, 0, g) = 
cT(gA(e, 0, 1)) = gA(e, 0, h) = (e, 0, gh); from this and the fact that (cr(e, 0, g), 
(+(r, s, g)) E Dom(r, s)~ it follows that g(r, s, g) = (r, s, gh) for all (r, s, g) E A and so 
u = h: This establishes the fact that the 6, for g E G, are precisely the automorphisms 
of A, and so Aut A = G. 
(Rl) and (R2) are immediate consequences of this fact, and the definitions of u and 
$, and (R3) follows from the definitions of the operations. 
re (R4). For A = 0, since Im Oa = A we may take b=a. For AfO, ImAA= 
{e} x (0) x G, and for a = (r, s, g) it is clear that b = (e, 0, g) satisfies (R4). 
re (R5). For all choices of A # p in A, a = (e, 0,l) satisfies (R5). 
(R6) and (R7) are clearly satisfied, and (R8) is satisfied with A = 0, and X = A. 
For an up-directed family (Ai, 4i, &) (i E I) of representations, (i.e. I is 
an up-directed set and (A, c$~, +i)< (A, rL,, C#Q) whenever i sj) define 
Uie, (Ai, 4i, k) = (A, 4, JI) w h ere A is the union of the Ai, (as partial algebras i.e. 
(Al = IJ IAil where 1 ) indicates underlying set, /iA = U J,l,+ Dom AA = U Dom AA, 
for each A E AA and each Ai is a relative subalgebra of A), and 4(p) = IJ 4i(p) for 
each p E L, t+b( p) = IJ k(p) for each p E M. 
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Lemma 2. The union of a non-empty up-directed family of representations is a 
representation. 
Proof. Given an up-directed family (A, q&, I+&) (i E I) of representations as above, it 
follows from (E5) and (E6) applied to (A, 4iv k) and (A, q$, +j) for eachj 2 i and the 
up-directedness of Z that (E5) and (E6) also hold with respect to (Ai, q$, t+bi) and 
A = U Ai, and so by the above remark, Aut A = G and in addition the automor- 




Also, if (Y E 4(p)“^ n Dom Aa for some A E ‘4 A, then a E Dom A.+ for some i and 
hence a E 4(p)“” nA7 = di(p)“’ which implies that AA(cI)=AA,(~)E di(p) E 4(p), 
and so 4(p) is a subalgebra of A. For X c L, 
fl B(p)=~(A,n~~~~(p))=~~~),Ain~(p)=~~i(AX)=d(AX) 
PPX 
and thus 4 preserves all meets. The fact that 4 preserves all m-up-directed joins 
follows from the analogous fact for the 4i and the fact that m-up-directed joins in 
Sub A are just set unions. Also, 4 is clearly one-one, and thus provides the required 
type of map L + Sub A. 
Similar arguments how that I& is a one-one map from M into Con A preserving all 
meets and all m-up-directed joins, and that CL(p) n A? = 1+4~(p) for all i E I. 
(Rl), (R2) and (R3) for (A, 4, $) are easy consequences of the corresponding 
properties for the (A, diy $i)* (E3) and (E4) with respect to (A, q$, $i) and (A, 4, 4) 
follow from the corresponding property for (A, 4i, $i) and (A,, +j, $1) for allj 3 i, and 
this also yields (R4) and (R5) for (A, 4, (I). (R6) and (R7) are consequences of the 
analogous properties for the (A, q5;, Ilr,), and (R8) follows from (R8) applied to some 
(Ai, di, $i) together with (E5) applied to (A, di, J/i) and all (A, dj, +j) with js 1. 
Lemma 3. For any representation (A, 4, J/), and any 5 E A,, there is an extension 
(A, q&i) of (A, 4, $) with A”6 c Dom &. 
Proof. Let S be equipotent with A “c -Dom & and disjoint from A, and let 
f: (A”( - Dom &) + s b e a map which is one-one and onto S. Let A be the 
partial algebra of the same type as A, which extends A, with underlying set 
A US and operations exactly the same as A except that Dom 5~ =A”6 and 
&IA”<-Dom CA = f. For p E L let 4(p) be the subalgebra of A generated by 4(p) 
and for p EM let CL(p) be the congruence on A generated by 4(p). 
For each g E Aut A, if (Y E A”c - Dom & then ga E A”< - Dom &_+ and so g extends 
to an automorphism of A by defining g(f(a)) = f(gcu). This means that (E6) holds; 
since (E5) is trivial the Remark above implies that Aut A = G. 
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ForeachpEL,~(p)u{5a;(a)laE~(p)” 1 c is a subalgebra of A, and hence is equal 
to J(p); it follows that J(p) n A = q5( p), and that & is a one-one map preserving all 
meets. The fact that 6 preserves all m-up-directed joins is a consequence of its 
definition and the fact that A’ is of characteristic at most m. 
For p E it4, let CL’(p) be the transitive hull of 
cjr(P)uMn(a), S‘n(P))l(a(i), P(i))E $(p), all i < nc). 
If u E A and (a, &((Y)) E 4’(p) then there exists /3 E Dom &, with (a, &(P)) E IL(p) 
and (a(i), p(i)) E G(p) for all i < me If a, b E A and (a, x) and (x, b) E IL’(p) for some 
x&A, then x = ,$a;((~) for some a E A “6, and so by the preceding remark, there exist 
P, Y E Dam 8~ with (a, h(P)), (u, C-t(y)), (P(i), a(i)) and (y(i), a(i)) (for i < +) all in 
4(p). But this means that (t__,(y), @(P))E $(p) and so (a, b)~ IL(p). From this it 
follows that JI’( p) n A2 = q+(p), and so, since Dom AA c A”* for all A E AA (including 
e) it also follows that JI’( p) is closed under all operations and hence is equal to J(p). 
This also implies that 3 is one-one, and the fact that 3 preserves all m-up-directed 
joins is, as it was for 6, a consequence of the fact that A’ has characteristic at most m. 
Also, use of the preceeding remarks and (R3) for (A, t$,q?) immediately yield (R3) 
for (A,$, 6). 
To show that & preserves all meets, suppose that (a, b) E i(p) for all p E Y, some 
YzM. If u,bEA, then 
(a, 6) E n &PI nA* = n +(P) = $(A Y) E $<A J-7. 
If a& A, b&A then a = &(a), b = &(/3), for a, @& Dom &,. It follows from (R3) that 
(u(i), p(i)) E q%(p) for all i < !e all p E Y and hence (u(i), p(i)) E $(A Y) for all i < nc 
which implies that (a, b)~ $(A Y). If a EA, b$A, then b =&(a) for a unique 
(Y E A”f, and then (a, 6) E J(p) implies that there exists oP E Dom tA with (a, &,(c+)) 
and (a,(i), a(i)) E IL(p) for all i C ne By (R4) for (A, 4, (I) there exists p E Dom &, 
such that (a, [A(@)) E Tti(a, c) for all c E Im &. In particular, then, (a, &(p)) E 
CL(p) and (5(P), .!(a,))~ IL(p) for all p E Y It follows from (R3) that (p(i), a(i))c 
e(p) for all p E Y and hence (p(i), a(i)) E $(A Y) for all i < ne This, together with 
the fact that (a, e*(p)) E $(A Y), then yields (a, b) E t&r\ Y). The case a& A, b E A is 
symmetric to this, and consequently n&(p)c&A Y); the other inclusion being 
trivial since & is order preserving, this shows that 6 preserves all meets. 
(El) and (E2) were verified above. 
(E3), for the case A f 5, is an immediate consequence of the fact that Im hA = 
ImA,-, and for the case A = 5 follows from the fact mentioned above, that if 
(&r(a), a) E J(p) for a E A, a E A”“, then there exists @ E Dom & with (&(/3), a) E 
CL(P). 
(E4), for the case that neither A nor p is 5, is also immediate from the fact that 
Im AA = Im Aa and Im ,.&A = Im PA. If A = 5 and p # A, and a E Im AA satisfies (R5) 
for (A, 4, CL), then (6, c) E +(p) for b E Im AA, c E Im PA E A, implies that there 
exists d E Im AA with (b, c), (d, c) E G(p), and hence there exists g c Aut A such that 
(g(u), c) E qG( p), as required. The case A # 5 = p is similar. 
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(E5) and (E6) were verified above, and (R8) for (A, &, $) follows from (E5). (Rl) 
and (R2) are clear, (R3) was verified above, and (R6) follows from (R3), the 
analogous property for (A, 4, +) and the connection between the automorphisms of 
A and those of A. (R5) follows from (E4) which was verified above, and so all that 
remains is to check (R4) and (R7). 
(R7), for a, b E A, follows from the analogous fact for (A, &1+4). If a & A and b E A 
then a = &(a), some (Y E A”c, and by (E3) and the fact that (A, 4, 4) satisfies (R4), 
there exists fi E Dom & with (b, e,_,(p)) E r&b, c) for all c E Im 5~. Since (R7) holds 
for (A, 4, I&) there exists g E Aut A with (a (0), g@(O))) E &(a (0), h (p (0))) for all 
h E Aut A. But now, for all h E Aut A, if (a, h(b)) E J(p), then (h-‘(u), b) E G(p) and 
so (6, &q(p)) E &I) which implies that (a, h(5,&3))) E J(p), and hence (by (R3)) also 
((Y(O), h(p(O)))c I&P). This then means that (a(O), g@(O)))E q(p) and so 
(g@(O)), h(p(O)))c q&(p). Now it follows from (R2) and (R6) that (gp(i)), h(p(i)))E 
J(p) for all i < n, and consequently, it follows from (R3) and the fact that (a, h(b)) E 
J(p) that (a(i), g@(i))) E 6(p) f or all i < ne This then means that (a, g(b)) E CL(p) 
where g is the automorphism of B extending g, as required. 
Since (a, g(b)) E G(p) iff (6, g-‘(u)) E J(p) for all g E Aut A., the case where a E A 
and b& A follows from this. 
If neither a nor b belong to A, then a = &(a), b = &q(p) for (Y, p E A”c. Since 
(A, q5, (/I) satisfies (R7), there is an automorphism g of A such that for all automor- 
phisms h of A, ((Y (0), g(p))) E ~*(cx (0), h@(O))). But if g is the extension of g to an 
automorphism of A, it then follows as above that (a, g(b)) E TJu, h(b)) for all 
h E Aut A. In all, this verifies (R7) for (A, 6, I/I). 
Finally, (R4), for the case that CY E A, follows from (E3) and the fact that (A, q5, (L) 
satisfies (R5). If a rZ A and A = 5‘ then a E Im &r and so b = a will do for (R4). Suppose 
now that a & A and A # 5. By (R5), there exists d E Im A A such that for all c E Im A rl 
there exists g E Aut x with (g(d), e) E fg(c, e). By (R7), there is an automorphism k 
of A such that (a, k(d)) E f,(u, h(d)) for all automorphisms h of A. But then, for all 
c E Im AA, if (a, c) E J(p), since a E Im 5~ it follows that there exists g E Aut A with 
(g(d), a)~ J(p) and consequently (a, k(d))c J(p). This shows that k(d) = b will 
satisfy (R4), completing the proof. 
Lemma 4. For any representation (A, q5, IL) with s E&S for a subset S of A with 
ISI < m, there exists an extension (A, q&,6) of (A, q5,$) with s E [S]A, the subulgebru of 
A generated by S. 
Proof. Let IS/ = n, and let cy :n + A with Im a = S. Let x be the algebra with the 
same underlying set as A, and with type AA u(0) (assume 0~ /I,.,), no = n, with 
AA = A A for A E AA. and 0~ the n -ary operation with domain {gala E Aut A} and 
O_&ga) = g(s). (Note that it follows from (R6) and the fact that CL(O) = A,., that if 
gcz = hcu for g, h E Aut A, then g(s) = h(s) and so the map 0~ is “well-defined”.) Let 
J=c$ and &=+. 
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It is clear that the automorphisms of A are precisely the automorphisms of A, and 
that 4(p) E Sub A for all p EL. Also it follows from (R6) for A that if (ga (i), ha(i)) E 
CL(p) for all i<n then (g(u), h(a))~ cl(p) for all a EA and so in particular 
(g(s), h(s)) E IL(p), and thus CL(p) is an A-congruence for each p EM. 
Since 4 = 6 and + = I+& the only non-trivial things to check are (R3) and (R4) for 
A = 0 and (R5) for one of A, p= 0. 
If (OA(gcu), Ok) = (g(s), h(s))~ 4(p) for some p E M, then since (A, 4, CL) 
satisfies (R6) it follows that (g(u), h(a)) E G(p) for all a EA, and so in particular 
(ga(i), ha(i)) E 4(p), which verifies (R3). 
For all a E A, there exists g E Aut Awith (a, g(s)) E T&(u, h(s)) for all h E Aut A; 
since Im 0~ = {h(s) 1 h E Aut A} this shows that b = g(s) satisfies (R4) for A = 0 and 
this verifies (R4). 
Concerning (R5), if A E A and ,u = 0 then, since (A, q5, (I) satisfies (R4), there exists 
a ~Irn AA such that (s, u)E~&, b) for all b ~1mA. But then for any c l Irn Oa, 
c = g(s) for some g E Aut A and so for all b E Im Aa, (c, b) E Ijr(p) implies (s, g-‘(b)) E 
q+(p) and hence (s, U)E $(p) which yields (c, g(u)) E cl(p), as required. If A = 0 and 
p E A, then since Im On = {g(s) 1 g E Aut A} it is clear that a = s will do, and this 
verifies (RS). 
Lemma 5. For any representution (A, d, I,!I), if (s, t) E r*Tforu subset Tof A x A with 
ITI < m then there exisfs an extension (A, 6, $) of (A, 4, cF/) with (s, t) E O,-(T), the 
congruence on A generated by T. 
Proof. We may assume without loss of generality that s # t and that (s, s), (t, t) E T. 
Since (s, t) E rJ and f& = 4 it follows that TP dA. 
Let ITI=n, and let cr,p:n-tA such that T={(a(i),P(i))li<n}. Assume for 
convenience that A = AA is disjoint from (0, 1,2} and that A is disjoint from 
(0, 1) x Aut A. 
Let~=Av({O,l}xAutA)and~l~=A~u{O,1,2},wheren~=n~=n~=n,A~= 
AA for A E AA and 0~. l,-, 22 are defined as follows: 
and 
OPi(ga) = g(s), 
Mgcu) = 2,&g(y) = (0, g), 
O/X(gP) = MgP) = (1, g), 
2.X(gP) = g(t). 
Note that since (Y f p it follows that gcu f gp for all gE Aut A, and it follows from 
(R6) that gcu # ha and gfl f h/3 for g f h. Also, since (s, s) E T, (R6) also implies that 
gcu # hp for all g # h, and thus the maps OX, l,- and 2,- are well-defined. 
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It is easy to see that each automorphism g of A has a unique extension to an 
automorphism g of A; g(0, h) = (0, gh) and g(1, h) = (1, gh), and that (E5) holds, 
and so the automorphisms of A are precisely the extensions of automorphisms of A, 
and Aut A = G. 
For p EL, let J(p) be the subalgebra of A generated by 4(p). Then 
&(p)=&(p) ifneitherIma nor ImPzb(p), 
$(p)=~$(p)u({O}xAutA) if Irn(Ysb(P), ImPC4(p), 
&(p)=4(p)u({l}xAutA) if ImcuZd(p), ImPE4(p), 
$(p)=4(p)u({O,l}xAutA) if ImcuuImpcd(p). 
This immediately implies that T(p) nA = d(p), that 6 is a one-one map which 
preserves all meets and all m-up-directed joins, and that all c?(p) are invariant under 
Aut /i. 
For each p E M, let J(p) be the congruence on A generated by CL(p). Using the fact 
that (g(s), h(s))~ CL(p) for g f h implies (g(a), k(a))~ CL(p) for all CI E A, all k E 
Aut A, and that (s, S) E T, the following description of CL(p) can be obtained. 
If TtZ t++(p) but (g(s), h(x))& J/(p) for any g f h, then the blocks of G(p) are the 
blocks of I&(P) together with all singleton sets {(O, g)} and ((1, g)} for g E Aut A. 
If TcZ 4(p) and (g(s), h(s)) E G(p) for some g f h, then the blocks of I& p) are the 
blocks of G(p) and the two sets (0) X Aut A, (1) X Aut A. 
If T E J/(p), then each block of J(p) contains a block of b(p); the elements (0, g) 
and (1, g) belong to the same block as g(s). 
This explicit description of the IL(p) immediately yields the facts that i(p) n A’ = 
Jl(p) and that & is one-one and preserves all meets; moreover, since A has 
characteristic at most m it follows that 6 preservers all m-up-directed joins. 
Since for all A E AA, A,- = hAI (E3) and (E4) are trivial, and thus all the conditions 
(El) to (E6) are satisfied. - - 
(Rl) for (A, c$, +) was verified above, and (R2), (R3) and (R6) are immediate 
consequences of the above description of 6, and (RS) follows from (ES); this leaves 
(R4), (R5) and (R7) to be checked. 
re (R4). In view of (E3) it is enough to consider the case where either ~1 &A or 
A&z .A*. 
If A ~.4 and a = (0, g) or (1, g) then let b E Im AA be such that (g(s), b)E 
T,(g(s), c) for all c E Im AA; then the above description of J(p) shows that (a, b) E 
TJ(u, c) for all c E Im A,+ 
If A = 0 and a EA, then there exists g E Aut A with (a, ~(s))E f,(n, /i(s)) for all 
h E Aut A, and then (n, g(s)) E T,J_(~, c) for all c E Im 0~. If A = 0 and n = (0, g) or 
(1, g), then (a, (1, g)) E T$(u, c) for all c E Im On. 
If A = 1 and a E A, then there exists g E Aut A with (u, g(s)) E r+(u, his)) for all 
h E Aut A, and then (u, g(s)) E T,-(a, c) for all c E Im 1~. If A = 1 and UZ A, then 
uEImlAandsob=a willdo. 
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The case A = 2 is symmetric to the one A = 0 and thus we have verified (R4). 
re (R.5). It is enough, in view of (E4), to check (R5) for the case that at least one of 
A, pef1,.+ 
If A E .4 and k E (0, l}, then let a E Im AA be such that (s, a) E &(s, c) for all 
c E Im AA, then b E Im prl implies that b = g(s) or (0, g) or (1, g) for some g E Aut A, 
and then for all c E Im Aa, 
(6,C)Elj&)J(S, g-‘(c))E(L(P)J(S,n)EIL(P)j(b, g(a))c rll(P), 
as required. Similarly, if A E -4 and p = 2 then any a E Im AA with the property that 
(1, a) E f*(f, c) for all c E Im AA will do. 
If p E ‘4 and A = 0, 1 or 2, then a = s, (0, g), or t respectively will satisfy (R5). 
If {A, p} = (0, l}, then Im A,q A Im pti = (1) x Aut A and any a E (1) x Aut A will 
satisfy (R5); and if {A, p} = {1,2}, then any a E (0) x Arrt A will satisfy (R5). If A = 0 
andp=2thenchooseu=s,ifA=2andp=Otakea=t. 
re (R7). If a EA and be A, b = (0, k) say, then there exists gc Aut A with 
(a, g(s))E TJu, h(s)) for all h E Aut A, and then (a, (0, g))E T&(u, h(b)) for all 
h E Aut A. The case u&A, b E A follows from this, as it did in the proof of Lemma 3. 
If neither a nor b belongs to A, say a = (0, g) and b = (0, k) or (1, k), then 
(a, g/c-‘(b)) E &(a, h(b)) for all h E Aut A. 
This completes the proof. 
Theorem. For&non-trivial m-algebraic lattices L and Mand each group G there is an 
algebra, of characteristic at most m, with Sub A = L, Con A = M and AutA = G. 
Proof. As was mentioned earlier, it is enough to find a representation (A, 4, IL) 
where A is an algebra and 4 and I& are onto maps. 
It follows from Lemmas 2, 3,4 and 5 that every representation (A, 4, $) has an 
extension (A, 6, 6) with the following properties: 
(i) For every operation A of A, Dom A,J ?A”*. 
(ii) Ifs E f,S for s E A and S E A with ISI < m, then s E [SIX, the subalgebra of A 
generated by S. 
(iii) If (s, t)ET#T for TEA*, ITI < m then (s, t)c OAT, the congruence on A 
generated by T. 
This is accomplished as follows: first, well-order A4a and, one at a time, using 
Lemma 3, ensure that each operation is fully defined on A, taking unions at all limit 
ordinals occurring in the ordering of A,+ Then, well-order all pairs (s, S) where s E A 
and S E A, ISI < m, and s E f&S, and fix up these deficiencies, by applying Lemma 4 to 
the representation already obtained via the procedure described in the last sentence, 
again taking unions at limit ordinals. Condition (iii) is, of course, effected by using 
Lemma 5 and a similar iterative procedure. 
Now, for any representation (Ao, &, JlO), it follows from the above remark and 
transfinite induction that there are representations (A,, 4,,, CL,) (p 6 m) such that, for 
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each p, (AptI, &,+,, &,+l) is an extension of (A,,, &, tip) enjoying the three properties 
listed above, and such that (A,, & I&) = lJt+, (A, &, I&) for each limit ordinal p. 
Let (A, q5,$) = (A,,,, &,, I&,,,). For any operation A of A and any a E AnA, since 
nh < m, there exists 5 < m with (Y E A;* and then a E Dom A A~,,, which shows that A 
is an algebra. 
Ifs E A,,,, S G A,,, and s E r,_,S for ISi < m then there exists p < m with S E A,, and 
then s E [SIA,,,, E[SL,,,. This shows that f,_,S E [SIAM for all S G A,,, with ISI < m, 
since the reverse inclusion is trivial in view of the fact that S E f& and rb,._S is a 
subalgebra of A,,,, it follows that r,_S = [S]_+_ for all subsets S E A, with IS/ < m. 
However both r,_._ and [ IA,,, are m-algebraic closure operators and thus r,,,,X = 
[Xl,* for all X E A,,,, which implies that &,, maps onto Sub A,. 
Similarly I,&, maps onto Con A,, and this completes the proof. 
Remark 1. The following explains why L and M were always assumed to have more 
than one element, and completely settles what can be done if this restriction is 
dropped. For an algebra A, if Sub A consists of only one element, then A has only the 
trivial automorphism. Conversely, for any m-algebraic lattice L there is an algebra A 
with Con A = L and [Sub Al = ]Aut Al = 1: take any algebra A with Con A = L and 
add all the elements of A as nuliary operations. Also if ICon Al = 1, then dA = A x A 
and hence IAl s 1, ]Aut Al = 1 and ISub Al c 2. The one element algebra with no 
operations, and the one-element algebra with one nullary operation, both have 
trivial congruence lattice and automorphism group; the former has a two-element 
subalgebra lattice and the latter a one-element subalgebra lattice. 
Remark 2. It is well-known that for each finitary algebra A, there is a unary algebra 
B with Con A = Con B: for each operation A of A, each (aI, . . . , u,,,_~) E AnAvl, each 
i < n,, define g : A + A by p(x) = A (a 1, . . . , u,_~, x, ai, . . . , u,,_~), and take for B the 
algebra with the same underlying set as A and all these operations cc. Thus the above 
theorem implies that each algebraic lattice is isomorphic to the congruence lattice of 
a unary algebra (GrPtzer and Schmidt [12]). 
Remark 3. If we begin with the representation given in Lemma 1, then the 
construction used in the proof of the Theorem actually produces a representation 
(A, q5, G) for which 0 v @ = 0 0 @ 0 0 0 @ for all 0, @ E Con A. This is seen as follows: 
Suppose (a, b) E 0 v @. Then there exist m-compact congruences 0’ c 0 and @’ c @ 
with (a, 6) E 0’ v @‘. Now let (Ao, &, &) be the representation described in Lemma 
1. Then 0’ = $(p) for some m-compact p EM, and 0’ n Ai = Go(p), so G,,(p) = 
I&((e, 0, l), (e, p, 1)). Similarly there exists m-compact q EM with @‘nAi = 
h(q) = Td(e, 0, l), (e, q. 1)). Let u = (e, 0, l), t’ = (e, p, 1), w = (e, q, 1); then 
&,(u, W) = r,{(u, u), (u, w)}, and thus (a, 6) E TJo, w). 
Now the constructions described in the proofs of Lemma 5 and the Theorem 
provide operations A, p, 17 in A with a = A (0, a, b), A (w, a, 6) = ~(w, a, 6), 
p (0, a, 6) = q(t’, a, 6) and q(w, a, b) = 6. (The reason that a and b appear as 
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arguments in A, w and 17 is that in the proof of Lemma 5 we assumed that 
(s, s), (1, t) E If.) Now A is an algebra and so A, Jo and 77 are defined on all of A3 and so 
in particular at (u, a, 6). Since (II, t’) E 0 and (u, w) E @ we have: 
(a, A (4 a, b)) E 0, 
(A (u, a, 6). A (w, n, b)) E @, (P(W, n, b), P(4 a, 6))E @, 
(cL(If, 0, b), cL(& 07 6)) E 0, (q(L’, a, b), 77CL4,av b))E 0, 
(tl(u, a, b), 6) E @ 
and this means that (a, b)~ O~@~O~@, as required. 
Remark 4. The construction used in Lemma 3 describes the first stage in the 
construction of FA, the algebra freely generated by the partial algebra A, and hence 
actually proves that each representation (A, 4, $) has an extension, the partial 
algebra part of which is FA. Of course, the existence of FA can be proved 
“categorically”, without direct reference to elements and operations of A (it is an 
immediate consequence of the adjoint functor theorem); however, there does not 
seem to be any advantage in approaching Lemma 3 from this point of view. 
Remark 5. The above shows that each algebraic lattice L is isomorphic to the 
congruence lattice of an algebra with IL1 + So operations, and it has been known for 
some time that, if one is restricted to unary operations, then the number of 
operations cannot be reduced (see J6nsson [13]). It has been a problem of recent 
interest whether every algebraic lattice is isomorphic to the congruence lattice of a 
linitary algebra of finite type. A recent result due to Lampe, Taylor and Freese shows 
that for each infinite cardinal n there is a modular algebraic lattice which is not 
isomorphic to the congruence lattice of any finitary algebra with sn operations. 
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